The classic problem, first treated by Taylor [18], of the dispersion of inert soluble matter in fluid flow continues to attract attention from researchers describing the approach to the asymptotic state [5, 17] . The present article considers some of the complications caused when the solute is chemically active. Dispersing chemically active solutes occur in diverse fields such as chromatography, chemical engineering and environmental fluid mechanics.
Introduction
The dispersion of soluble matter in fluid flow, originally described by G. I. Taylor [18, 19] , has important applications in a number of fields such as chemical engineering and chromatography [11, 12] and environmental fluid mechanics [9] . Most previous dispersion research has been concerned with short and large time asymptotic theories for passive (neutrally buoyant and chemically inert) contaminants injected into parallel flow. In fact, however, many applications involve interesting complications and this paper examines one such case-the dispersion of reactive contaminants in parallel flow. We commence with the mathematical statement of the problem, and then briefly review the progress that has already been made on it.
The object of this paper is to investigate certain aspects of the solution C(x, y, z, t) of the problem where D* and U* are the mean values of K* and u* over fi*, a* is a typical cross-sectional length, Q* is the initial amount of solute, and | ft | is the dimensionless cross-sectional area of the flow. The dimensionless diffusive flux of contaminant is given by -K VC and P = U*a*/D*, the Peclet number of the flow, gives the relative magnitude of typical convection speeds compared to typical cross-sectional diffusive speeds. The inclusion of the factor | fi | in the nondimensionalization of C* conveniently ensures that jjJCdV =\Q\ initially, and the variables K and M have unit cross-sectional means,
The term -aC on the right hand side of the defining problem represents a first order reaction between the solute and the solvent, whilst the term -0C in the defining boundary condition represents a (possibly catalysed) boundary reaction. (Some properties of (i for laboratory applications are described in reference [8] .) [ 
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As a first observation, the effects of the term involving a may be removed immediately by writing C = C exp{-at), and so we can set a = 0 without loss of generality. The case when /? = 0 as well described the dispersion of a passive contaminant under the usual no diffusive flux boundary condition, and this case is covered by an extensive literature which will be briefly surveyed below. The emphasis in this paper is on the case /? ^ 0. An initial cloud of inert contaminant C(x, y, z) evolves by cross-sectional diffusion across the velocity shear as it is swept along with the flow. This dispersion process produces a cross-sectional distribution which is, at large times, approximately Gaussian in x, and the most important questions to be answered are how much of the cloud remains, where is its centre of mass, and what is the variance and skewness of the distribution? Sophisticated theories attempt to answer these questions for all time, or obtain expressions for the mean concentration C(x, t) itself. For the case of no boundary reactions (/? = 0), the dispersion process has been studied extensively since the pioneering work of Taylor [18, 19] , and results for large times have been obtained by at least four alternative methods: the Taylor-Gill approximation [10] , the Aris method of integral moments [1] , the Chatwin asymptotic expansion [5] , and numerically. A recent paper by Smith [17] (on improvements to the Taylor-Gill approximation) contains further references to most of the important research on the dispersion process. (Smith [16] has also described the early stages of contaminant dispersion, but short-time approximations are not considered in the present article.)
In contrast, the case of /? ¥= 0 has received scant attention from theorists, despite the importance of boundary reactions (or models of them) in diverse fields such as biology, physiology, chromatography, chemistry and, of course, in environment fluid mechanics. The most notable work, by Sankarasubramanian and Gill [15] and De Gance and Johns [6, 7] has been based on the Taylor-Gill approximation
Back substitution of (1.2) into (1.1) ultimately leads to a variable coefficient
which may be truncated and solved. The cited works [6, 7, 8, 15] are mainly concerned with the /J-dependence of the asymptotic forms of K 0 (t), K t (t), K 2 {t) at large times. The Taylor-Gill scheme has certain attractive mathematical features as explained by de Gance and Johns, but it is not necessarily the most efficient method at relatively large dimensionless times when a direct large-time 290 N. G. Barton [4] Chatwin style asymptotic expansion may as well be employed. Therefore, the principal objects of the present article are to present such a direct asymptotic expansion and, in doing so, to extend the results of Sankarasubramanian and Gill [15] for the flow reactor. (The term flow reactor refers to case when the basic flow is laminar flow in a circular pipe; flow reactors are in wide use for determining reaction rates for chemical reactions between mixtures and fluids.) Matching between the moderate and large-time solutions requires a knowledge of the integral moments of the cloud of reactive solute. Thus, a further goal of the paper is to apply the Aris method of moments to the case with /? ^ 0. The method of moments is known to produce readily the dispersion coefficient for the case fi -0 [\] and for the coated tube chromatograph [2] , and useful results prove also to be easily attainable for the case fi ^ 0. To be specific, the technique is shown to give the asymptotic expressions for the amount of solute and its mean position and spread, and it determines arbitrary constants in the asymptotic solution developed in Section 3.
The integral moments of the reactive solute cloud
Aris [1] first used the moments of an injected solute cloud to describe the dispersion process; in particular, a knowledge of the asymptotic form of the second moment about the mean gives the 'effective diffusion' or 'dispersion' coefficient for the dispersion process. The dispersion coefficient often differs markedly from the ordinary molecular diffusion coefficient: for example, Aris showed from the second moment that the dispersion coefficient is tc*(l + P 2 /4S) for a solute with constant molecular diffusivity injected into a tube of radius a* containing fluid in laminar flow. Thus the dispersion process is a much more vigorous than normal molecular diffusion for large P. In the case of a reactive solute, it is expected that the method of moments will readily determine (at least for large times) how much of the cloud remains, how fast its centre of mass moves, and how much it has spread out. Moreover, as Chatwin [5, Section 6] points out, it is possible to calculate approximations for C(x, t) given a knowledge of the first three or four integral moments.
The approach adopted in this section follows that recently used by the author [3] in calculating the moments for passive contaminants. Thus, the moments C n (y, z, t) and M n (t) are defined by
1) 
where the overbar denotes the cross-sectional mean.
The first term on the right hand side of (2.4a) is caused by the reaction at the boundary of the flow, and implies that a knowledge of C n is required before using (2.4a) to calculate M n . This is in contrast to the case of passive contaminants in which /? = 0 and one needs C n _, and C n _ 2 , but not C n , to calculate M n . Thus, for /? ¥= 0, there is nothing to be gained by using equations (2.4); instead, solutions for C n (up to n -2) will be obtained by separating variables in equations (2.3) and M n {t) follows by taking the cross-sectional mean.
For n = 0, the solution to (2.3) may be written
where it is assumed that K(y, z) is such that the eigenvalue problem
possesses a discrete spectrum of real eigenvalues {/t,}^i ordered so that 0 < /x, < H 2 < fi 3 < • • • and a corresponding complete set of eigenfunctions that are orthogonal and normalized so that
Fitting the initial condition C Q (y, z, 0) = 6 0 (y, z) determines the constants A Qj in (2.5) to be
and so we have The problem for C, is more complicated, however, since certain solvability conditions have to be satisfied to obtain the solution. A discussion of these solvability conditions has recently been given by the author [3] for the case with (1 = 0, and the methods required for the present problem follow naturally from those in the reference. Thus the defining equation for C t (y, z,t) is modified by adding in and subtracting out inhomogeneous terms chosen so that the problem for C, is solvable. That is, we write where the solution of this equation under the boundary condition (2.3c) is c, = 2 {Kf, + A4 0 ,(*,
Here, the particular solutions </ >, are the solutions of [arbitrary,
where the a n are hereinafter set equal to zero. The constants A u in (2.9) are then found to be of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0334270000004094 [7] Dispersion of reactive contaminants 293 by fitting the initial condition C x (y, z,0) = S,(j, z), and, after simplification, the full solution for C, is found to be c, = 2 e,//,*-*' 1 + P2 2
The moment C 2 is obtained by solving the problem (2.3) with n -2, and the analysis becomes quite laborious at this point. To solve (2.3) with n -2, various terms have to be added into and taken out of the inhomogeneous terms to ensure solvability, and, omitting the tedious details, C 2 is found to be
where ^ is the particular solution of 
If the coefficients b n are also set equal to zero, C 2 is completely specified by assigning the constants A 2i to fit the initial condition C 2 {y, z,0) = i£ 2 (y, z). The procedure is again straightforward and gives
The foregoing mathematics has therefore determined C o , C, and C 2 and could be used to determine three-term approximations to C(x, t) at any time by following the procedures described by Chatwin [5, Section 6] . To do this, the first few moments about the mean are required; they are defined by Of course, a lot of numerical work is required to calculate the eigenvalues and eigenfunctions and then the C n (t) for general values of time. A calculation of C 3 would give a four-term approximation to C(x, t), and, in view of the complexity of C 2 that has already been shown, it would appear that C 3 would be the highest moment that is practically obtainable. The calculation of C Q (t), C,(0 and C 2 (0 does, however, enable some simple and interesting conclusions to be drawn for asymptotically large times. If the notation EST is used to denote exponentially small terms, the largest of which is of order exp{-(/i 2 -n t )t), the results above can be used to establish that, for large t, We now consider the problem of finding a direct asymptotic expansion of the solution of equations (1) with a = 0 and fi ¥* 0. The method adopted is a generalization of that used by Chatwin [5] to investigate the asymptotic behaviour of C when wall reactions are absent (/? = 0), and it may be regarded as an |9j Dispersion of reactive contaminants 295
alternative at large times to the Taylor-Gill approach of references [6, 7, 15] . Accordingly, the variables X, Y, Z and T defined by
are introduced, where y and M are dimensionless constants whose values will be determined shortly. In terms of these variables, the problem (1.1) for C becomes 
where h x (X) is arbitrary and/, is the eigenfunction corresponding to /*,. Equation is satisfied. This ensures that the inhomogeneous term in (3.5) is orthogonal to the eigenfunction of the homogeneous equation, and permits the solution of (3.5) to be written
where h 2 ( X) is arbitrary and g 2 satisfies under conditions (3.2b). It is noted that, apart from an arbitrary multiple of/,, g 2 is the negative of <j> t in the previous section. For the rest of this section, it proves convenient to choose this arbitrary multiple of / , so that g 2 satisfies the auxiliary condition g 2 = 0. A differential equation for the arbitrary function h t (X) in (3.7) is obtained by considering the solvability condition which results when (3.7-3.9) are substituted into (3.6) with n = 3. The right hand side of (3.6) becomes To continue the construction of the solution, the results (3.11, 3.12) are substituted into (3.6) with n -3 to obtain
The solution for C (3) is and, in terms of these, the coefficient functions C (1) , C (2) In these expressions, a, 0 , a 20 and a 30 are arbitrary constants, g 2 and g 3 are the solutions of (3.10, 3.15), and the remaining constants are specified by enforcing the solvability conditions as described above. Omitting the tedious details, these constants are found to be
C^(X, Y, Z) =/,(y, Z)h 3 {X) + g2 (Y, Z ) § + g 3 (X,
It now remains to determine the arbitrary constants a n0 (« = 1,2,3,...). These constants depend on the initial distribution and they can be determined using the integral moments (2.19) which were investigated in the previous section. The plan is to determine the moments by integrations of the series (3.3), and, for this purpose, the following properties of the Hermite polynomials are required: This expression depends on the initial distribution through the constants A Oi , A xu A 2l and, in contrast with Chatwin's analogous expression (3.10), further simplification of it is not warranted for /? ¥= 0. Similar procedures would suffice to determine a 40 and the a n 0 for n ^ 5. These details are not included because they are not required for a three term asymptotic series for C which, as Chatwin points out, is sufficient for most purposes.
Application of the results to the flow reactor
Perhaps the most important application for the preceding work is to the flow reactor-a device in wide use for measuring reaction rates for chemical reactions taking place in a mixture of fluids [4, 11, 12, 13, 20] . The flow reactor consists of a circular pipe of radius a* containing a solvent m laminar flow so that u is the Hagen-Poiseuille profile
where p is the usual cylindrical polar coordinate. It will be assumed that the problem is independent of the other polar coordinate ^ and that the diffusion coefficient is constant so that K -1; the eigenvalue problem (2. , exact expression (4.7); , approximations due to Sankarasubramanian and Gill;
, approximations developed in the present paper.
2(a, 2 6a 2j8 2 )j 0 (a f )y 0 (a y ) and the computation of the (a^yS)}^, using standard root-finding procedures. The root a,(/?) is of particular importance since the total amount of contaminant ultimately decays as exp{-a 2 f}. The value of a 2 as a function of /J is displayed in Figure 1 , together with the small and large /? approximations due to Sankarasubramanian and Gill: which can be derived without much additional effort. The centre of mass of the contaminant cloud ultimately moves at the speed y t P where y, = «/, /, is found to be N. G. Barton [16] log |0 p The dependence of Yi upon /? is shown in Figure 2 . Again, the approximations developed by Sankarasubramanian and Gill, namely 
is also found to be a particular solution of (2.10 a, b). As written, the form (4.9) satisfies neither p,/, = 0 nor g 2 = 0, but arbitrary multiples of/, can be included for these purposes if required. The inclusion or otherwise of such arbitrary multiples does not affect any of the subsequent results. The dispersion coefficient {AT/i/, + P 2 (u -7,)•>,/,} may now be calculated by performing the summation implied by (2.12a) or by using the form (4.9). The second method is slightly more convenient and, using the reduction formulae given in the Appendix, D ef j is found to be The values of ("~Yi)<J>i/i are displayed as a function of /? in Figure 3 . Included in the figure are the approximations developed by Sankarasubramanian and Gill [15] , As a further application of the theory developed in Sections 2 and 3, we now examine the parameter a 2l defined by (3.20) . This parameter is of some importance as it determines the skewness of the asymptotic distribution (see 3.24), and it is required for a two-term expression for C (see 3.3, 3.17, 3.18) . Omitting a large amount of algebra, a 2l /a t 0 is eventually found to be (4.14) where M and Yi are given by (4.10) and (4.7), and the various cross-sectional means in the expressions may be evaluated using standard integrals. a 2 ,/a, 0 is shown in the high Peclet number limit (that is neglecting the constant 1 on the right hand side of 4.10) in Figure 4 . A physical interpretation of the information contained in Figures 1 to 3 has been given by Sankarasubramanian and Gill. The plot in Figure 4 is new, however, and is most interesting as it shows a change in the sign of the skewness of the distribution for /? slightly greater than 1. Thus, for /} near 1, the Gaussian approximation to C would be unexpectedly good compared with the approximation described by Chatwin for /? = 0. As /? -> 0, a 2 To conclude this section, we present plots for one and two terms of the asymptotic series Figure 3 ]. For /} = 0.02, the similarity of the present results to Chatwin's is clear: the peak of C occurs behind the centre of mass and the asymmetry in the two term curve is practically negligible for t at 1.0. For /8 = 50.0, the peak of C occurs ahead of the centre of mass, and, for practical purposes again, there appears to be no significant different between the 1 and 2 term approximations for t greater than 1. Plots of (4.15) for /? = 1,0 were prepared for / = 0.125, 0.5, 1.0, but are not included here as they are almost indistinguishable from the Gaussian curve by virtue of the change of sign of a 2J near 1. . Some noteworthy points are: the similarity of the one and two term approximations is evident for fi = 1.0, even for t = 0.5; the fi = 50.0 curves are almost indistinguishable from zero at x = \.5P: the change in skewness of the curves for small and large fi; and the closeness of the one and two term approximations for all fi for t > 1.0.
Conclusion
A direct asymptotic theory has been developed to describe the dispersion of reactive contaminants injected into parallel flow. The theory is somewhat less general than references [6, 7, 15] based on Taylor-Gill expansions, but gives comparable results at large times and is arguably easier to apply. The theory has been applied in detail to the flow reactor example, and confirms the results of reference [ 15] for the total amount of solute, the speed of the centre of mass, and the dispersion coefficient. The small fi and large fi expansions developed herein are superior to those in reference [15] . Also, the skewness parameter a 2 ,/a, 0 has been presented as a function of fi for the first time: as fi -» 0, this parameter agrees with Chatwin's result [5] , and it changes sign for fi slightly greater than 1.
One and two term asymptotic expansions for C(x, t) have been plotted for various values of x, t and fi in the flow reactor example. The broad conclusion is that these expansions are identical for practical purposes for non-dimensional times / greater than 1, although, for fi near 1, the change in skewness means that the one and two term expansions are practically identical for much smaller /. It is noted that the shape of the original injected cloud affects the asymptotic expansion at the third and subsequent terms. Sufficient details are presented to compute the third term if required, but the calculation depends in a complicated manner on fi, P and the shape of the initial cloud and is not included here. Finally, the present work has recently been used to determine diffusion coefficients for mixtures of gases at low pressures [14] . The shape of the initial distribution in this application affected the distribution observed further down the tube, but was accounted for by partitioning the initial distribution into a succession of short input pulses. By such a device, the importance of the third and subsequent term in the series can be diminished.
